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Abst ract - - In  this paper, we deal with the conditions that ensure the existence ofpositive solutions 
for the singular elliptic equation -Au-  tt(u/Ixl 2) = (lup*(s)-2/Ixp)u + Nulq-2u with Dirichlet 
boundary condition. The results depend crucially on the parameters A, ~, and q. @ 2004 Elsevier 
Ltd. All rights reserved. 
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1. INTRODUCTION 
In this paper, we consider the following elliptic problem: 
u lup*(~)-2 
 lxP- Ixl xea, (1.1) 
u = 0, x E 0~,  
where f/ is a smooth bounded domain in RN(N > 3), 0 E ~, 0 _ # < # g ( (N-2) /2 )  2 , 
0 < s < 2, ~ > 0, 2*(s) A 2(N - s ) / (N  - 2) is the critical Sobolev-Hardy exponent, note that 
2*(0) = 2* A 2N/ (N-2)  is the critical Sobolev exponent, 2 < q < 2*. In the case s = 0, 
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problem (I.i) has been studied by some authors (cf. [I-4]), many  interesting results have been 
obtained. Especially, as s = 0 and q = 2, the author in [i] proved the existence of positive 
solutions for problem (I.I). A natural question is whether the above results remain true for (I.I) 
as 0 < s < 2, with the critical Sobolev-Hardy growth? The  main  purpose of this paper  is to 
discuss the existence of positive solutions for the singular problem (i.i) by using variational 
methods. 
By  the Hardy  inequality and the Sobolev-Hardy inequality (see Lemma 2.1 in this paper), for 
0 < # </2, we can define the equivalent norm in H01(fl) 
(i.(, I1~11 ~ V ,l 2 - # , Vu  e Ho1(12), 
and the best Sobolev-Hardy constant 
A,(fl) ~- inf 11 112 
 eHa(a)\{0} 
Another relevant parameter is the first eigenvalue of the positive operator ( -A  - #(1/1x[2)) in 
H0~ (fl) 
Al (#)  -~ inf t1 '11  
Here are the main results of this paper. 
THEOREM 1.1. Suppose 0 < s < 2, 0 < # < p, A > O, and 
max 2, v/_fi + pv/_fi_z__fi, <q< 2", 
then problem (1.1) has a positive solution in Hlo (f~). 
REMARK 1.1. Actually, Theorem 1.1 still holds for 2 < q < 2* and A large enough (of. [5,6]). 
THEOREM 1.2. Suppose 0 _< s < 2, q = 2, and/7 = 2(v/-fi + Pv~--:"~). 
(i) I f0 < A < AI(#) and 0 < # _< #-  1, then problem (1.1) has a positive solution in Hlo(fl). 
(ii) I f#  - 1 < # < # and A,(#) < A < AI(#), where 
A,(#) = min fa(lV~°[2/lx[Z) 
then problem (1.1) has a positive solution in gol(f~). 
It should be pointed out that our new findings are concluded in Lemmas 2.2 and 3.3. In Lemma 
2.2, we get the extremal functions in the Sobolev-Hardy inequality. In Lemma 3.3, we obtain the 
sufficient conditions for the existence of positive solutions. 
2. THE EXTREMAL FUNCTIONS IN  
THE SOBOLEV-HARDY INEQUAL ITY  
In this section, we summarize the needed results concerning the extremal functions in the 
Sobolev-Hardy inequality. 
LEMMA 2.1. Suppose 0 <_ s < 2, 2 < q < 2*(s), and 0 < # </2. Then, 
(i) fa(u2/lxl 2) <_ (1/#) fa IWl e H~(f~); 
(ii) there exists a constant C > 0 such that 
Ix l ' )  <CIl ll, 
(iii) the map u ~-+ ulixl s/q from Hlo(fl) into Lq(fl) is compact for q < 2*(s). 
PROOF. For the proof of (i), see [7]. For the proof of (ii) and (iii), see [5]. 
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LEMMA 2.2. Suppose 0 <_ s < 2 and 0 <_ # < p. Then we have the following. 
(i) A, (a) is independent of a. 
(ii) At is attained when f~ = N N by the functions 
yJx)  = (2~(# - #)(N - s)/v/-fi) '/-g/(2-~) 
(]xi,/g- P,/-F~ (e + ixi((2-~),/-P=-~l,/'z) (N-2)l(2-~)) ' 
for all ~ > O. Moreover, the functions y~(x) solve the equation 
U ]U] 2. (s)-2 ~N 
-A~ ,1~12= I=1 ~ u, in \{o},  (2.1) 
and satisfy 
f~  (lVy~l~ _ ly~?~ ly~l r(~) = A~N-~)/(2-s). 
PROOF. 
(i) See [6]. 
(ii) Let u = ~-  ~ and v(x) = I~l"u(x), then (2.1) becomes 
-dip (l:~l-~W~) = Ixl-~'(~)"-~lvl~'(~)-%, ~ e R N \ {o}, 
the result follows from that of [8]. 
In the following, we shall give some estimates for the extremal functions. Let 
C~ = (2e(# - #) (N-  s) ) Ue(x) = y,(x) 
' C~ ' 
~(~) e eg°(a), 0 _< ~(~) _< 1, ~(~) = 1, for I~l -< R, ~(=) = 0 for I~1 >- 2R, where B2R(O) C fL 
Set u,(x) = qo(x)U,(x), ve(x) = u,(x)/(fa([uel2*(s)/]x]*)) 1/2"(~), so that fa([vel2*(~)/Ix[~ ) = 1. 
We can get the following results by the methods used in [5], 
IIv.ll2 = As +O (e(N-2)/(~-')), 
o (~(,~/(~-~)>q), 
Sal v~l q = O (e(~/(m-~))~llne0, 
N 
1<q< 
N 
q= V-~+VP-~' 
N 
<q<2* .  
(2.2) 
(2.3) 
3. THE VARIAT IONAL CHARACTERIZAT ION 
The variational characterization is based on a mountain-pass argument. Define the functional 
J :  H0 l(f~) ~ R by 
y(~)=½,,~l,2 i £,ul2"(s/ ~/~,~lq ' 
2*(s) Ixl ~ q 
we have that J E Ci(H~(f~),]R) and the critical points of the functional J correspond to (weak) 
solutions of problem (1.1). First, we need to establish several lemmas, the proof of Lemmas 3.1 
and 3.2 is similar to that of Lemmas 2 and 3 in [3], we only sketch it. 
414 D. KANG AND S. PENG 
LEMMA 3.1. Let {Un} C Hol(f~) be a sequence such that 
) J(un) ---+ c E 0, 2 (N-  s) A!N-s)/(2-s) ' 
and 
J ' (u , )  --* O, in (/~(~2)) -1 . 
Then the~e ~ists ~ e H0~(~) such that ~. -~ ~ wet ly  in H0~(~), up to a su~sequence, Y'(~) = 0 
and u is a nontrival solution of problem (1.1). 
PROOF. {un} is bounded in H01(~) and there exists u such that Un ---~ U, up to a subsequence. 
Furthermore, J '(u) = 0 by the weak continuity of J ' .  Assume that u - 0 in ~, as the term ]u~[q 
is subcritical, from <J'(u~), us) = o(1) we have 
[]u~[[ 2 - /~  [u~[2{ (s) - o(1). 
By the definition of As, 
(~  [Un[2*(s)~ 2/2.(s) 
][u~[] 2 >_ As ~ j • 
From (3.1) and (3.2), we have 
o(1) > II~ll ~ (1 - Ar(~*<s)/~)ll~ll2"(+~). 
If [[u,~[[ -+ 0, we contradict c > 0. Therefore, 
[[u.[[ 2 > A~ N-s)/(2-s) + o(1). 
By (3.1), we get 
(3.1) 
(3.2) 
r : {~ e c ([0,1],H0~(a)) ; ~(0) : 0, J(z(1)) < 0} 
PROOF. We prove that J satisfies all the hypotheses of the mountain pass theorem except for the 
PS condition. Obviously, J(0) = 0, by the Sobolev-Hardy inequality and the Sobolev inequality, 
there exist a, p > 0 such that 
J(u) >_ ~, Vu e {u e gol(~); II~[I -- p} ,  
Furthermore, for any u E H~(~),  there exists t > 0, such that J (tu) < 0. Therefore, by 
Theorem 2.2 in [6], we infer that J admits a PS sequence at level cl; such sequence may be 
chosen in the cone of nonnegative functions because J(lu[) _< J(u), for all u e Hol(~). 
where 
~II II  ~ i [ J~ l~*< ~) J(u.) + o(I) ~.,~., 2*(s) ~.  I~I ~ 
2--s 
- 2(N_  s) II~nll z +o(1) 
2--S Ns 2s  > - - - -  A ( - ) / ( - )+o(1) ,  
- 2(N-  s) s 
which contradicts c < ((2 - s) /2(N - s))A (N-s)/(2-s). Thus, u ~ 0 and u is a nontrival solution 
of problem (1.1). 
LEMMA 3.2. The functional J admits a PS sequence in the cone of nonnegative functions at level 
Cl = inf max J(7(t)) ,  (3.3) 
-rer tE[o,1] 
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LEMMA 3.3. Suppose 0 <_ s < 2, 0 <_ # < p, ~ > O. Assume one of the following conditions 
holds: 
(i) max{2, N/(v/-f i+ PV~:--fi), (N - 2 pvzfi~--fi)/vrfi } < q < 2", 
(ii) N>4,  q=2,0<A<Al ( l~) ,and0<_#<p-1 .  
Then, we have 
2~s .  A(N_s)l(2_s) 
c1< 2(N-s )  ~ 
PROOF. In order to estimate the energy level cl, we consider the functions 
g(t) = J(tv~) = -~11~112 I~1 q 2*(s) da q 
and 
t 2 1 
o(t) = ~ II~ll ~ - 2*(s---~ t2. (~)' 
where v¢ is defined in Section 2. Note that l imt -~ g(t) = -co  and g(t) > 0 when t is close to 0, 
so supt_> 0g(t) is attained for some t~ > 0. From 
O = 9'(t~) = t~ (liv~ii2 - t2*(s)-2 - At:-2 fa iv~iq ) 
we have 
and therefore, 
Thus, we get 
= t2* (s)-2 /fl IIv:ll ~ ~ + ~t~ -~ I~,~1 ~ > t~'(~)-~ 
t: <_ II~:ll ~/(~*(~)-2) ~ to. (3.4) 
from (2.3), we have 
In Case (i), since 
max 2, v/.fi + ~ ,  <q<2* ,  
Choosing E small enough, from (2.2) and (2.3), we have 
A~ (3.5) t~'(~)-2 -> -K' 
On the other hand, the function ~(t) attains its maximum at to and is increasing in the interval 
[0, to], thus from (2.2), (2.3), (3.4), and (3.5), we have 
<_ ~(to) - ~-t~ f Iv~lq 
q Jfl 
_ 2 - -  s _ ¼tq 
+o 
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and 
v /'fi ( N _ q v /-fi ) < -  
(2  - s ) 
Choosing e small enough, we have 
N-2  
2- -s  
2 Z s A(N-s ) / (2 -s )  
Cl < g(t~) < 2(N-  s) s (3.6) 
In Case (ii), q : 2 and 0 < A < AI(#). As # = /2 - 1, fa lv~l  2 = O(dN-s)/(2-S)lln~l); as 
0 <__ # < # - 1, fa[vs[ 2 = O(s(N-2)/((2-")P'/-#~-')) • Choosing e small enough, we also get (3.6). 
PROOF OF THEOREM 1.1. From Lemmas 3.1, 3.2, and 3.3(i), we get a nonnegative solution 
u E H01(f~) for problem (1.1). Then by the maximum principle, we get that u > 0 in ft. 
PROOF OF THEOREM 1.2. 
(i) By Lemmas 3.1, 3.2, and 3.3(ii), we also get a nonnegative solution u E H i (a )  for (1.1), 
this solution is positive by the maximum principle. 
(ii) The argument is similar to that of [1]. 
REMARK 3.1. Using the extremal functions and the positive solutions found in this paper, we 
have already proved in [9] that problem (1.1) has sign-changing solutions under some hypotheses 
on parameters ),, #, and q. 
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